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The  cost  general  plastic  stress-strain  relation  for 
materials  obeying  Drucker’s  work-hardening  criteria  is  special- 
ized to  commonly  used  forms.  Particular  attention  is  paid  to 
the  implications  incurred  by  (a)  the  assumption  of  8 loading 
function  for  these  materials,  and  by  (b)  the  assumption  of  the 
linearity  of  plastic  strain  increments  in  the  stress  increments. 


k detailed  treatment  of  the  experimental  data  obtained 
in  the  testing  of  two  aluminum  alloy  thin-walled  tubes  is  pre* 
sented.  Comparison  is  made  o''  this  analysis  with  the  implications 
of -two  basic  assumptions  of  incremental  theories  of  plasticity 
for  worK-nardenin?  materials.  The  conclusion  in  that  the  stress* 
Strain  relation  for  one  of  the  tubes  wSs  linear  in  the  increments 
of  stress  8nd  plastic  strain  while  that  for  the-  other  aws  de- 
cidedly non-linear. 
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In.tXfigup^ljBB 

Quite;  recently  the  mathematical  theory  of  stress-strain 
laws  of  plasticity  has  attained  a form  of  very  broad  generality. 
The  theory  cmbrace-s  most,  previous  theories  as  special  eases. 

It  is  the  purpose  here  to  present  this  theory  in  its  broadest 
aspect  and  to  specialize  it  to  the  principal  particular  forms. 

The  theory  is  concerned  with  elastic-plastic  materials 
that  ore  independent  of  time  and  temperature  effects.  The  ma- 
terial is  assumed  to  be  work-hardening  in  the  sense  described 
by  Drucker  (1).  Most  motels  us~d  in  engineering  practice  at 
normal  temperatures  and  rates  of  loading  exhibit— at  least  to 


within  the  occurecv  of  normal  experimentation— this  independence 
of  time  and  temperature . The  statement  of  work-hardening  re- 
ferred to  is  a definition  of  a class  of  materials,  and  provides 


a mathematical  description  sufficiently  general  to  include  the 


phenomenon  of  *<ork-hordcning  of  metals  as  usually  interpreted 


on  the  one  hand  and  to  give  a logical  extension  to  a completely 


gtnerrl  stressing  of  a body  on  the  other. 
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given  change  i r»  any  coherent  of  strain  must  he  positive  as  the 
strain  increments  are  increased  in  ratio  (2  ).  The  concept  has 
been  generalized  by  Druck^r  ( X ' i”  .the  foil vir.g  manner: 

A 

Consider  a material  uuu..r  a system  of  stresses^ 

B id 

due  to  an  agency  h.  Consider  a system  of  stresses  A a ° that  are 

id 

slowly  applied  and  then  removed  from  the  body  by  an  external 

agency  E.  "dlovdy"  is  to  be  interpreted  tc  imply  that  inertia, 

vibrational,  anc'  viscosity  effects  are  not  incurred.  Work- 

hardening  then  requires  that 

(a)  for  all  such  added  sets  of  stresses  the  material 

will  remain  in  equilibrium,  and  that 

lb)  posit ive  ^ ork  be  done  by  the  external  agency  B 

n 

during  the  application  of  the  Ad 

id 

(c)  the  Y)or'k  done  by  the  external  agency  2 over  the 
entire  cycle  be  positive  if  plastic  deformations 
have  occurred.  Tt.rs  v.ork  will  be  zero  if  and  or  lv 
if  tr  *r  sv.rij.jis  are  purely  elastic. 

The  definition  of  work-hardenin'.;  leads  to  the  mathe- 
matical expressions 

B 

Ad  Ae  | 0 during  the  spplicstions  of  the 

► y **  J 


stresses; 

flj 

B 9 

Ao  -A«IL 

> - 
m v 

for  the  entire  cycle, 

and 

12) 

id  -M 

Ac  5 Ae  * 

= 0 

_ p 

if  end  oniv  if  Ae  = 

id  'id 

- id 

0 

total 

provided,  cf  qourse, 

Ae 

can 'be  separated  from  Ae 

and 

Ae  = 

•4  4 

***  v- 

id 

id 
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£>z  **  + Ae  e . These  expressions  rcauire  stability  in  the  strictest 

U ii 

sense;  no  energy  — even  of  infinitesimal  order  — ■ may  be  obtained 
from  the  materiel  by  the  agency  B.  If  any  plastic  deformation 
is  to  take  place,  energy  must  be  applied  tc  the  material  by 
agency  B.  Furthermore  the  material  will  be  in  equilibrium  for 
ell  systems  Ad  + d " thst  can  be  attained  from  dR  . 

U U i 3 

Fig.  1 illustrates  these  ideas  by  an  example  quite 
analagous  to  that  used  by  Drucker.  P represents  a body  assumed 
to  be  in  the  incipiently  plastic  stste  under  loads  kept  constant 
during  the  following:.  The  barbell  at  the  right  is  pivoted  at 
C so  as  to  bo  free  to  turn  about  an  axis  perpendicular  to  the 
plane  of  tie  figure.^  A ,‘ipring  of  zero  mass  is  fastened  to  the 
top  mass  to  symbolize  the  absence  of  impact  of  the  upper  -right 
against  the  block  A when  the  barbell  is  released.  The  upper 
weight  of  the  barbell  is  assumed  vtrv  slightly  larger  than  the 
lower  “'o  that  in  the  position  shorn  the  barbell  is  in  unstable 
equilibrium;  pivot  G and  the  spring  are  considered  frictionless. 

If  the  barbell  is  now  given  an  infinitesimal  counterclockwise 
displacement,  it  will  continue  to  turn  slowly  until  the  spring 
comes  in  contact  vithP.  Inertia  will  compress  the  spring  which 
will  bring  the  svstr.a  to  rest  and  then  csu3e  the  barbell  to  turn 
clockwise.  However,  the  work-hardening  definition  above  insures 
thet  the  barbell  will  neve  go  through  its  unstable  equilibrium 
position,  and  that  it  will  r turn  to  that  position  only  if  no 
plastic  deforration  occurred. 
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It  is  emphasized  that  the  criteria  (b)  and  (c)  make 
no  explicit  assumptions  with  regsrd  to  stress-strain  relations. 
They  also  do  cot  hypothesize  that  a certain  set  of  stress  in- 
crements do  or  do  not  cause  plastic  deformation  or  loading. 

They  merely  state  that  if  sny  additional  set  of  stresses  are 
slowly  added  to  the  exisiting  stress  state  and  slowly  removed, 
then  the^jresultinr  strains  must  satisfy  the  conditions  enunciated, 

Host  Seperal  Stress-Strain  haw 

Tne.most  general  stress-strain  law  that  can  be  written 

then,  under  the  condition  that  the  material  be  independent  of 

ti  e and  temperature  effects,  would  be  a functional  relation 

between  the  components  of  c , e (both  the  elastic  eG  and 

U U 13 

thc-^r-l&stlo-e p ) end  the- entire  history  of  stress  and  strain. 

43 


The  only  restrictions  that  would  be  imposed  on  the  relation 

would  be  those  implied  in  (b)  and  (c). 

A "pictorial  representation  that  is  freouently  used 

may  make  the  Idea  of  the  restriction  clearer.  Consider  the 

nine  coicponents  of  -«  as  the  components ‘Of  a cartesian  vector. 

1# 

Consider  the  components  of  as  components  of  a cartesian 

vector  referred  to  the  same  axes  as  the  vector  Then  d. 

• total  c 1*  JJ’ 

cij  » Hi'  Hi  °*  their  increments  or  time  rotes  of  any  of 

these  may  b-  considered  vectors  in  this  space.  The  only  restric- 
tion on  this  general  stress-strain  lew  would  be  that 'for  any 
stress-strain  State  of  the  materiel,  and  Ar^  must  sake  an 

acute  angle  with  each  other,  and  that  in  any  load.  ^ cy~lc  Ao^ 
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n 

and  fief  must  also  cake  an  acute  angle  r.ith  t?ach  other  for  non- 
• */ 

zero  de,C  . 
i j 

Such  6 low,  however..  would  tc  totally  unusable  from  an 
engineering  point  of  vie-  . Since  ea_h  material  differs  from 
each  othi  r material,  the  onlv  determination  of  the  stress-strain 
lap  of  a particular  material  would  be  an  experimental  one. 


Lopdin^Kuncticns 

Tuo  additional  almost  universally  adopted  assumptions 
ore  employed  in  an  attempt  to  make  the  problem  mcrc  tractable. 

The  first  is  that  added  as  a proviso  to  the  mathematical  state- 
ment or  work-hardening  conditions  (fc)  and  (c)i  the  plastic  and 
elastic  strains  anc  associated  stresses  arc  distinguishable  and 
independent,,  and  their  effects  ere  linearly  additive.  The  second 
is  the  hypothesis  of  the  existence  of  e loading  function.  For 
each  state  of  strain  and  history  th^re  exists  a function  f(d.j^) 
aiid  a nuaber  k such  that  plastic  strains  will  ensue  only  upon 
rcachln'  o state  of  stress  for  which  k.  Here  f 

i3  usually  considered  ss  a function  of  the  stresses  only  in 
which  the  stoUs  of  strain  end  history  appear  as  parameters. 

The  number  k may  also  be  dependent  on  the  plastic  strain  and 


the  plastic  strain  history. 

fCo^)  say  conveniently  be  thought  of  as  a means  of 
classifying  joints  in  stress  space  into  three  classes.  P , E, 


a nd  S . 

P 

1*  the  net  of  all  for  which 

e { ».  \ 

> k.  B is 

the  s t 

of 

oi  1 which  arc-  boundary  points  f 

or  P a 

nd  the  cor.  pie 

sent  of 

P 

— i.e.  points  for  ~hich  5(0^) 

< k. 

Finally  L is 

— — «~srs5Be$ss 
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the  set  of  points  which  is  the  complement  of  the  set  F+B.  The 


points  of  E are  said  to  bt  "inside"  the  boundary  B while  the 
set  P is  "out side" . 

& complete  discussion  of  the  implications  of  the  hypo- 
thesis of  s leading  function  is  locking  at  the  present  time. 
However,  certain  broad  categories  of  functions  have  been  used 
and  quite  general  results  have  been  obtained  from  them.  The 
most  inclusive  yet  presented  is  that  of  continuous  functions  of 


For  these  functions  the  boundary  set  B is  also  contin- 
uous and  forms  a surface  in  space  — * commonly  colled  the 
yield  or  loading  surface.  lor  all  loading  functions  the  set  E 
is  composed  entirely  of  elastic  states  possible  for  the  given 
state  of  stress  and  strain  history.  The  assumption  of  continuity 
assures  that  the  boundary  points  also  belong  to  the  set  with 
which  only  elastic  strains  are  associated.  lor  this  case 
loading  is  incurred  for  outward  pointing  stress  increment 
(rate)  vectors  starting  from  any  stress  state  representable 
by  a point  on  the  loading  surface;  unloading,  for  any  invsard 
pointing  increment  (rate)  vector;  sr.c  neutral  loading  for  ony 
increment  vector  tangent  to  the  loading  surface  (3). 

Drucker  proved  ( 4 ) that  for  continuous  loading  func- 
tions the  work-hardening  criteria  implied  list  the  set  E + B is 
convex.  Since  the  loading  function  is  still  a function  of  plastic 
strain  end  plastic  strain  history,  the  surface  is, of  course, still 
free  to  expand,  translate,  change  shape,  or  perform  any  combina- 
tion of  these  in  stress  space  as  loading  proceeds.  It  is  in- 
teresting to  rote  that  in  the  movement  cf  the  surface,  the  stress 
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free  point,  nav  at  some  st^ge  become  an  outside  point. 

* 

Since  the  boundary  is  continuous,  it  must  consist  only 
smooth  points  (i.e.  points  at  which  there  is  a continuously 
turning  tangent  plane  to  the  loading  surface)  and  of  points  (each 
of  which  will  be  referred  to  hereafter  as  a "pointed  vertex") 
which  are  on  either  corners  or  points  of  the  loading  surface. 
Convexity  of  the  loading  surface  implies  that  the  strain  incre- 
ment vector  must  be  parallel  to  the  outward . normal  at  each 
smooth  point  of  the  loading  surface,  and  that  at  each  pointed 
vertex  the  strain  increment  vector  must  net  make  an  obtuse 
angle  with  the  stress  increment  vector  that  caused  it. 


♦In  the  proof  cf  convexity  the  following  reasonable  though 
lengthy-to-stste  theorem  was  tscitly  assumed: 

Givens  1)  a,  any  point  of  E 

2)  b,  any  point  of  5 that  can  be  reached  bv  a 
path,r  , from  a to  h such  that  y lies  entirely 
in  E (except,  of  course,  for  b) 

3)  dy  (-  c - b)  any  infinitesimal  incremental  stress 
vector  that  constitutes  loading  from  b to  c 

4)  Let  f(c)  determine  a nev,  boundarv  E'  with  inside 
E*. 

Conclusion:  There  exists  a path  y1  contained  in  S'  + E* 

Joining  c and  a. 

Physically  speaking,  this  theorem  merely  states  that  if  *rom  a 
stress  state  dj*  an  external  agency  applies  a s^t  of  stresses 
that  involve  only  elastic  strains  and  an  infinitesimal  plastic 
strain,  then  there  exists  a wav  to  return  to  stress  state  tfn 
by  means  of  stresses  that  involve  only  clastic  charges  of  strain. 

If  this  theorem  Is  accepted,  it  is  not  strictly  neces- 
sary to  assure  ? h<  continuity  cf  the  boundary  since  the  proof  of 
convexity  given  by  Drucker  now  carries  through,  and  since  the 
boundary  of  a convex  set  Is  continuous. 
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•-linos  t ?11  loading  functions  of  the  isotropic  ar.d  of 
the  anisotropic  type  that  have  been  proposed  to  date  are  Included 
in  the  type  for  which  Drucker  proved  convexity.  Further  assump- 
tions concerning  the  particular  materiel s for  which  the  loading 
function  is  to  be  used  influence  the  particulai  form  of  the 
loading  function.  Four  broad  categories  have  been  used  exten- 
sively: 

First  note  that  convexity  was  established  for  those 
materials  for  which  ti  « rate  (i.e.  viscosity)  effects  are  absent. 
This  assumption  implies  that  if  time  rate  tej  rr.s  appear  in  the 
stress-strain  relation,  the  function  displaying  them  must  be 
homogeneous  and  of  zero  order  in  them. 

Isotropic  materials  in  the  extended  sense  er*  those  in 


which  there  are  no  directional  properties  in  stress  free  material. 
For  such  materials  stresses  appear  in  the  loading  function  only 
in  forms  expressible  as  functions  of  the  mean  normal  pressure 


and  of  the  invariants  J„  and  J-.  of  the  stress  deviation  s..: 

£.  _>  1 J 

Ji  = 1/3<J11»  Jp  = I/2  sij  s1i*  and  J3  = 1/3  sij  s^k  ski  whore 
Sjj  = 0 } i “ 1/3  Similarly  the  plastic  strain  should 


appear  only  in  forms  expressible  as  functions  of  the  invariants 
lit  *2»  ar‘d  I3  of  c i j * Ti  = « fi * Ip  = I/2  c-  E U » I3  = 

P p p 

1/3  1 Ik  E hi  * Finally  the  strain  rates  may  appear  in  f 

» P 

only  as  functions  , KV,  ar.d  K-  cf  tl.e  plastic  strain  rate  , : 
Ki  = fij  ?bi- 


If  wh®  plastic  deforce t ion  of  a material  Is  assumed  to 


be  incompressible , then  by  definition  1^  = 0.  It  follows  also 
that  Ex  = I^e  loa-i^F  function  must  to  independent  of  the 
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mean  normal  pressure,  all  plastic  stress-strain  relations  n3y  be 
expressed  as  relations  between  plastic  strain  increments  ana 
stress  deviations. 

If  an  initially  isotropic  material  is  to  display  sub- 
sequent anisotropy  in  the  unloaded  condition,  pla-'tic  strains 
must  be  Included  in  the  loading  function  ( 5,6  ), 

Finally  there  is  a large  number  of  loading  functions 
that  are  functions  of  stress  alone,  i.e,  independent  of  the 
plastic  strain.  This  Is  possibly  the  most  popular  group  of  all. 
Two  points  are  emphasized  with  regard  to  the  above 
categories.  The  first  is  that  it  is  not  intentionally  implied 
that  these  categories  are  exhaustive  nor  that  they  are  mutually 
exclusive,  but  rather  that  most  existing  loading  functions  can 
be  classified  in  one  or  more  of  them.  The  second  is  that  the 
inferences  do  not  apply  necessarily  to  the  value  k which  indicates 
the  value  the  loading  function  must  attain  before  plastic  defor- 
mations occur. 

ZUlliSL  Stn3.3-Stj.gjj1  Bgla.Ugn? 

The  existence  of  smooth  "convex"  loading  functions 
effects  a greet  simplification  in  the  form  of  the  stress-strain 
lew.  Since  at  smooth  points  a unique  outwerd  normal  exists  and 
since  the  plastic  strain  increment  must  bo  parallel  to  it,  it 
follows  that  the  low  must  be 


d€i>J 

5:  X 

Of 

for  f > k and  f > 0 

[ 3*0 

d<5<  1 

**  V 

dciJ 

O 0 

otherwise . 

[ )h] 

• wm ' til 
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Here  X Is  a scalar  multiplier  that  mav  depend  on  the  stress, 
plastic  strain  and  plastic  stress-strain  histcrv.  Since  [3a] 


holds  only  for  f > 0 erd  since 


flf 


fio. 


exists,  [3]  may  be  written 


de 


ij 


«■  ar 


do 


pq 


dcij  s 0 


'U 
for  f>  k, 

ar 


for 


d°pq 


Of 

do 

a°pq 

do 

pq 

* 0 

, etc 

l 

• 

pq 


> 0 


[4] 


general  form  of  the  plastic  stress-strain  lav?  compatible  with 
Druclcer's  definition  of  work-hardening  and  the  assumption  of  the 
existence  of  a continuous  loading  function  (see  footnote  on  page 


9)* 

Of 

It  should  be  noted  that  — — do  is  not  a complete 

DOpq  M 

differential  of  f except  for  those  f's  which  ore  functions  only 
of  stress.  Lven  in  this  eventuality  the  right  hand  side  of  [4] 
does  not  represent  a complete  differential  except  for  certain 
paths  of  loading.  For  these  paths  of  loading,  the  flow  theories 
and  deformation  theories  coincide.  Many  interesting  cases  of 
tl.is  coincidence  h»'  teen  studied  in  (5  ). 

Th'  particular  form  [4]  is  misleading  in  that  superfi- 
cially It  appears  that  the  plastic  strain  increments  are  linear 
functions  of  the*  stress  increments.  As  pointed  out  previously, 
it  is  permissible  for  the  increments  to  &pp**or  in  the  plastic 
sire  ss-str aln  relation  (l.e.  in  the  coefficients  of  dOjj  for 
th*  form  discussed  here)  providod  they  appear 
only  In  homogeneous  functions  cf  z< to  order. 

The  assumption  of  linearity  requires  that  the 


l 


■ >m*>u 
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coefficients  G and  be  Independent  of  stress  or  of  strain 

5ou 

Increments  entirely. 

The  Introduction  of  the  linearity  of  the  Incremental 
plastic  strain  and  stress  increments  into  incremental  plastic 
stress-strain  laws  must  be  regarded  as  an  assumption  insofar  as 
proofs  existing  to  date  are  concerned.  This  fact  %S3  cither 
overlooked  entire ly  or  glossed  over  in  a great  deal  of  the  develop- 
ment of  plastic  stress-strain  relations  (7).  Furthermore,  the 
assumption  of  linearity  is  entirely  independent  or  the  assumption 
of  the  existence  of  a loading  function.  It  merely  states  that 
in  the  most  general  form  the  stress-strain  relations  may  be 
rritten  de^j  s Aijkl  dokl  whero  Aljkl  8re  independent  of 

the  increments  do.,  or  de..  and  that  the  effect  of  two  different 
differential  loadings  dOjj  and  do^j  1 Is  the  same  as  the 
combined  effect  of  both  loadings; i,e , 

it\.  (do‘J)+<i<j<2))  = ii  v (d„(1W  l’(dol2)>  [5] 

pq  pq  ij  pq  ij  pq 

It  is  interesting  to  contrast  the  general  implications 
of  the  assumptions  of  the  existence  of  a loading  function  and  of 
the  validity  of  linearity.  The  existence  of  o loading  function 
puts  restrictions  on  thv.  possible  directions  for  plastic  strain 
increment  vectors  corresponding  to  a givfn  stress  increment  vec- 
tor at  a point.  The  validity  of  lin< arity,  on  the  other  hand, 
puts  r>  strictions  on  th.  magnitudes  of  the  plastic  strain  incre- 
ment vectors  resulting  from  loading  at  a point. 
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Th'  ^ost  general  form  of  the  stress-strain  law  that 
embraces  both  th^  existence  of  a smooth  loading  function  and 
the  validity  of  linearity  is  the  seme  as  [4]  except  that  neither 
f nor  G may  be  dependent  on  the  increments  of  either  the  plastic 
strain  or  th;.  stress. 

If,  however,  8 loading  function  has  a poirted  vertex, 
linearity  at  that  point  is  impossible.  This  fact  can  be  illus- 
trated most  simply  in  the  case  of  plane  stress  referred  to 
prlncipol  axes  fixed  in  space,  although  the  results  can  be 
generalized  readily.  For  this  case  the  stress  state  can  be 
represented  by  e point  in  a two-dimensional  drawing  (Fig. 2). 

Here  the  loading  surface  becomes  a curve.  At  a pointed  vertex 
in  the  loading  curve,  the  curve  will  be  represented  by  the  arcs 
and  y2  which  meet  In  the  pointed  vertex  P,  The  convexity 
assures  that  In  sooe  neighborhood  of  P the  arcs  -f  and  -f2  are 
smooth.  It  also  assures  that  the  "corner"  will  point  outward. 

This  implies  that  9 >w  where  9 is  the  angle  between  the  tangents 
T]P  and  T2P  to  yi  or.d  Y2  respectively.  Let  5B*  be  th°  blreotor 
of  9 «nd  let  AjpAj>  be  perpendicular  to  BPS'  at  P.  Kota  that 

any  vector  <Je[^that  lies  between  PA^  and  PT^  constitutes  loading. 
(2) 

Any  vector  ddjj  lying  between  ?k^  and  PT2  also  constitutes 

looaing.  Now  it  is  clear  that  equation  [5]  cannot  hold  generally 

(1)  (2) 

since  it  is  possible  to  find  do  and  do  . that  individually 

12  (1) 

constitute  loading  but  together  do  not;  e.g.  If  dd..  is  syra- 

(2)  J 

cotrlc  to  dd^4  ■*>ith  respect  to  S' PE  and  both  lie  below  A^PAg. 
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•’ork-hardening  criteria  [l]  ano  [2]  yield  information 
on  the  location  of  the  plastic  strain  increment  vector.  Equation 
^3  implies  that  the  plastic  strain  increment  vector  shall  not 
make  an  obtuse  angle  with  any  possible  "elastic"  stress  vector 
whose  end-point  is  the  point  from  which  loading  takes  place. 
Therefore,  the  plastic  strain  increment  vector  must  be  contained 
inside  or  on  the  surface  formed  by  the  normals  to  the  smooth 
loading  surface  points  in  the  neighborhood  of  the  corners. 
Equation  [2]  implies  that  the  plastic  strain  increment  vector 
does  not  ma!re  an  obtuse  angle  with  the  stress  Increment  vector, 

p 

This  fact  implies  in  turn  that  one  direction  of  dc^  cannot 
suffice  for  all  loading  directions  from  a pointed  vertex  (Fig.  3 ). 

Although  loading  functions  with  pointed  vertices  ap- 
parently lead  to  mechanical  difficulties  of  manipulation,  it 
should  not  be  concluded  that  this  is  slways  so  or  that  the  smooth 
loading  functions  are  preferred.  Indeed,  xvith  the  notable  ex- 
ception of  v.  Kises  loading  function  J = k ( 8)  almost  all 
attempts  to  fit  experimental  data  wit),  smooth  loading  functions 
lccd  to  expressions  involving  (9)»  and  these  expressions  3re 
almost  universally  cumbersome  for  any  except  the  simplest  loading 
paths.  Tresca's  maximum  shear  criterion  on  the  other  hand  has 
enjoyed  a popularity  comparable  to  that  of  = k because  of 
its  ease  of  application  (1C);  yet  this  function  has  corners  on 
its  loadlnr  ■surface.  Of  course  in  its  completely  general  ana- 
lytic form  J-j  appears  here  also;  however,  as  commonly  employed, 
it  is  pos-ibl..  to  use  it  \ithout  reference  to  It  is  also 
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noteworthy  that  the  recent  development  of  s mathematical  theory 
of  plasticity  based  on  slipping  in  individual  grains  permits 
and  in  fact  requires  pointed  vertices  (ll).  Furthermore,  the 
recent  development  at  rown  of  plastic  stress-strain  relations 
for  soil  m char.ics  also  permit  corners,  . 

Work-Hardening  and  Stress-Strain  Laws 

From  a mathematical  standpoint  the  idea  of  on  "increment" 
is  not  always  clear.  For  this  reason  it  is  often  desirable 
to  define-  loading  and  allied  concepts  in  terms  of  time  rates. 

Wien  a material  has  applied  to  it  stress  rates  that  give  rise 
to  plestic  deformations,  those  stress  rates  sre  said  to  consti- 
tute "loading".  If  a material  exists  in  such  a state  that  load- 
ing is  possible  . rom  that  state  (incipiently  plastic  state) 
stress  rates  that  lead  to  states  from  which  loading  is  impossible 
•re  said  to  constitute  "unloading".  If  a material  is  in  the 
incipiently  plastic  state,  non-rero  stress  rates  that  constitute 
neither  loading  nor  unload  in®  are  termed  "neutral  loading". 

Prager  has  stated  four  criteria  th8t  a useful  mathema- 
tical stress-strain  relation  for  plastic  materials  should  satisfy 
(12) i irreversibility,  continuity,  consistency  and  uniqueness. 
Irreversibility  requires  that  the  work  dene  by  the  stresses  on  the 
plastic  strains  bt  positive.  Continuity  r-rulres  that  any  neu- 
tral loading  may  be  considered  o limiting  case  of  cither  loading 
or  unloading.  Consistency  requires  that  any  loading  from  » 
given  stress  state  laads  to  stress  states  from  which  loading  is 
again  possible.  } lr.aliy  uniqueness  requires  a unique  detcrrlne- 
tion  of  stress  retea  throughout  s body  provided  the  mechanical 
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abate  (includlnz  stress-str cin  history)  of  & body  and  the  system 
of  surface  traction  ratec  on  the  body  be  t:ivcn.  The  question 
arises,  "Does  the  assumption  of  woi /.-hardening  in  any  way 
guarantee  these  conditions?" 

Irreversibility  is  assured  immediately  by  work-hardening 
condition  (c)  that  states  that  the  total  work  done  in  any  cycle 
must  be  greeter  than  cr  equal  to  zero,  the  equality  holding  only 
if  no  plastic  oef ormatior.  has  occurred  during  the  cycle. 

It  is  not  apparent  at  this  time  that  the  assumption  of 
wcrk-hardenlng  implies  uniqueness  of  the  above  stated  boundary 
value  problem.  Certair.lv  it  cannot  unless  a stress-strain  lew 
gives  uniqueness  in  the  small.  Even  then  it  is  not  appoint 
that  the  boundary  value  problem  is  uniquely  satisfied.  The 
assumption  of  linearity  gives  uniqueness  provided  the  materiel 
is  loaded  throughout  since  it  can  be  shown  by  methods  analogous 
to  those  used  to  prove  the  theorem  of  virtual  work  that  if  two 
seta  of  stress  rates  and  strain  rates  satisfy  equilibrium  and 


compatibility  and  the  boundary  value  problem  given  above,  then 

;'(S (3)- ; (2)>  j (2))  dv  = o 

v 13  13  13  13 

• (1)  • (2) 

But  since  teothdjj  and  c constitute  loading,  work-hardening 

end  linearity  imply  t at  the  integrand  is  always  positive.  Hence 
tho  two  solutions  must  coincide.  It  is  not  obvious  that  the 

CD 

result  is  still  valid  if,  say,  on*'  constitutes  loading  and 
(2) 

Om  unloading.  If,  howvv*.r,  a loading  function  is  also  assumed, 
linearity  will  guarantee  that  it  icpli* s a smooth  surface  in 
stress  space.  Under  these  conditions  the  j.rc  of  offered  by 
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Hedge  and  Prager  (13)  now  holds,  and  uniqueness  felloes  even 
though  f is  not  necessarily  a function  of  Jp  and  only. 

Finally  continuity  and  consistency  are  properties  of 
the  stress-strain  law  itself  and  do  not  depend  on  the  assumption 
of  nork-hardening. 
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Oumbbell  cannot  bounce  past  neutral  equilibrium 
point.  It  cannot  even  attain  it  if  dumbbell  causes 
plastic  deformation. 


FIG.  I 


dO,il>  and  d(Tu>  constitute  loading.  d<7  -dCF(,>+ 
dC1**  does  not.  Linearity  is  impossible. 


FIG.  2 


r •***.*  S.r'+ 
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dC,*  must  lie  in  region  0 


FIG.  3 
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PART  H 


In&Masilac 

Most  efforts  to  describe  mathematically  the  stress- 
strain  relation  cf  a work-har dening  material  in  which  time  and 
temperature  effects  are  absent  have  adopted  the  hypothesis  of 
the  existence  of  a loading  function.  A loading  function  is  a 
function  of  the  state  of  stress, strain  and  history  that  determines 
when  and  if  additional  plastic  strains  will  take  place.  In  stress 
space  any  stress  state  is  representable  by  “srjolnty  or , alter- 
natively, by  b vector  from  the  origin  to  the  point  (iig.j  ), 
Similarly,  increments  cf  stress  from  ? given  stress  state  are 
representable  by  incremental  vectors  from  the  existing  stress 
point.  Let  f be  a loading  function.  In  stress  space  f r c is 
a surface  celled  the  yield  or  loading  surface.  Drucker  has 
shown  that  his  work-hardening  criteria  imply  that  the  loading 
surface  is  convex  (1).  The  interior  or  inside  of  the  loading 
surface  is  that  portion  that  originallv  contained  the  zero-stress 


point . 

Let  a be  a stress  state,  and  let  do  be  a stress  incre- 
ment. If  o lie-3  on  the  loading  surface,  and  if  do  points  coward 
the  outside  of  f = c,  then  plastic  deformation  will  occur.  Such 
increments  of  stress  constitute  loading.  If  do  lies  on  the  load- 
ing surface,  then  do  constitutes  neutral  loading  (2  ).  Finally, 
if  cd  points  toward  tic  inside,  do  constitutes  unloading.  In  the 
last  two  cases  all  deformations  are  elastic.  In  the  first  c esc, 
cf  course,  clastic  doformacior:  occurs  as  wo  1 1 as  niestic. 
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stress  increments  lving  within  or  on  the  loading  surface  ere 
accompanied  by  purely  elastic  changes. 

For  ideal  plasticity  the  loading  function  is  fixed  in 
stress  space.  hen  the  stress  point  reaches  the  yield  surface, 
uncontained  plastic  deformation  can  take  place;  but  this  defor- 
mation has  no  effect  on  the  yield  surf see.  For  a work-hardening 
material,  however,  the  loading  surface  moves  locally  with  the 
stress  point  during  loading.  The  movement  of  the  surface  may 
bo  an  expansion,  translation,  change  of  shape,  or  any  combination 
of  these. 

Let  the  strain  space  corresponoing  to  a given  stress 
space  be  superimposed  on  the  latter  in  such  a manner  that  the 
corresponding  axes  coincide.  Let  the  stress  point  be  on  the 
loading  surface,  end  let  the  increment  of  stress  constitute 
loading.  Prager  showed  that  if  the  loading  surface  had  a con- 
tinuously turning  tangent  plane  at  the  stress  point  (i,e-  was 
"smooth"),  then  the  increment  of  plastic  strain  would  be  parallel 
to  the  outward  nomal  to  the  loading  surface  at  the  stress  point 
(3),  Stated  again,  the  direction  of  the  plastic  strain  liicremnnt 
vector  is  determined  by  the  direction  of  the  normal  to  the  loading 
surface  if  the  normal  is  unique. 

To  fix  the  ideas  under  discussion  ss  well  as  to  prepare 
for  the  arguments  to  follow,  consider  a plane  stress  state  re- 
ferred to  its  principal  axes.  Such  a stress  state  say  bo  com- 


pletely described  by  a point  in  a two-dimensional  representation 
of  the  stress  space.  The  loading  surface  will  be  represented  by 
a curve  - thr  curve  actus*!]”  b-  in?  the  intersection  of  the  loading 
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surface  end  the  plane  determined  by  the  two  non-zero  principal 
stresses . 

Consider  a stress  point  on  the  loading  curve  (surface). 

If  the  loading  curve  is  smooth  at  the  point  (Fig.2a)  there  will 
be  a unique  outward  unit  normal,  n.  Any  incremental  plastic 
strain  vector  arising  from  loading  from  the  stress  point  will  be 
parallel  to  n.  Looting,  neutral  loading,  or  unloading  will  bo 
determined  by  whether  the  stress  increment  vector  makes  respec- 
tively er.  acute,  right,  or  obtuse  angle  with  the  normal. 

Contrast  this  situation  with  that  in  which  the  stress 
point  is  at  a pointed  vertex  of  the  loading  curve  (Fig. 2b). 

At  such  a point  "the  normal  to  the  loading  surface"  is  not  de- 
fined. Furthermore,  the  direction  of  the  plastic  strain  incre- 
ment vector  is  likewise  undefined.  It  can  be  shown  by  the  use 
<f  Lruckertwork-hBrdeninf «rl teria  (4)  that  (a)  there  is  more  then 
one  possible  direction,  (b)  one  direction  is  not  sufficient,  and 
(c)  the  plastic  straining  direction  must  lie  between  or  on  the 
normals  to  the  intersecting  loading  surfaces  that  fora  the  pointed 
vertex  (l.e.  in  F.lg.  lb,  on  r.  which  is  perpendicular  to  3,  or  or. 
n which  is  perpendicular  to  T,  or  in  the  region  between  them). 

It  is  to  be  noted  that  the  determination  of  the  strain 
increment  v etor  is  not  complete,  ho  -cver,  until  its  magnitude 
as  w^ll  cs  its  direction  is  known.  7 h magnitude  is  fixed  nath- 
emriicaily  by  $om.'  hypothesis  relatin':  the  strain  increments  and 
th^  stress  increments,  The  cost  common  ent  is  that  the  strain 
incre Bents  ere  iin<-3r  functions  of  the  jtress  increments. 
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A previous  paper  ( 5 ) reported  briefly  the-  results  of 
an  exper  ltacntol  program  lnv*' stigiting  the  stress-strain  relations 
or  3 thin-railed  tub..  Ihc  primary  purpose  of  the  paper  vas  to 
present  the  experimental  techniques  and  details.  Insofar  es  the 
enelysis  vjss  carried  out  at  that  ti~c  , it  \,as  felt  that  the  con- 
clusion nos  Justified  that  the  direction  of  the  strain  increments 
ncro  independent  of  the  direction  of  the  stress  increments.  This 
conclusion  is  another  nay  of  stating  the  existence  of  a smooth 
loading  function.  It  nos  pointed  out  thert.  that  the  question 
of  linearity  vould  take  additional  analysis. 

The  purpose  of  this  paper  Is  to  pr  sent  a much  more 
sensitive  analysis  nhich  confirms  the  conclusion  seated  above 
in  the  cose  of  one  of  the  tubes  but  not  tie  other.  As  a con- 
sequence, linearity  is  not  alleys  attained. 

Ijlncorlty 

Linearity  applied  to  the  plastic  incremental  stress- 
strain  relations  refers  only  to  th-  increments  of  ih<  stresses 
and  plastic  strains.  It  means  that  if  t^o  stress  increments 
do  ^ and  do  2 both  constitute  loot!  in'  from  c str'  ss  state,  <k  1 
and  de,  being  the  associated  plastic  strain  increments,  then 
the  Increment  dc^  plus  <30  2 constitutes  loading  end  th-  re  sulting 
plastic  strolr.  is  dc^  plus  d«2.  This  relation  impll  s that  for 
ddt*; — the t constitutes  lo'dlng 

deij  3 Aijkc  ^k: 


r ii 
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In  which  the  ere  explicitlv  assumed  to  be  independent  of 

the  increments  of  stress  and  strain,  but  arc  otherwise  unre- 
stricted insofar  as  the  assumption  of  linearity  is  concerned. 

p 

In  [1]  is  the  plastic  strain  tensor  and  :s  the  stress 
tensor.  In  plant  stress  referred  to  principal  axes  fixed  in 
space  it  is  sufficient  to  consider  two  members  of  equation  [1]: 

dey  * Sd02  + V°y  [2] 

P 

dey  s Aydo2  * Evdoy 

whore  x and  y «re  fixed  directions,  fince  the  experimental 
work  to  follow  was  analyzed  under  the  assumption  of  plane  stress, 
attention  is  restricted  to  equations  [2],  although  all  comtents 
node  concerning  [2]  can  easily  be  generalized  in  order  to  opply 
to  [1], 

It  should  be  emphasized  that  linearity  and  the  existence 
of  a loading  function  are  both  assumptions;  cither  may  be  made 
without  the-  other.  However,  If.  for  instance,  linearity  has  been 
accepted,  the  addition  of  the  assumption  of  a smooth  loading 
surface  implies  a relation  between  the  A's  and  E’s  since  the 
direction  of  the  strain  increment  is  determined  by  th<-  loeding 
surfoco.  Th..  relation  < c 

^/'•y  * ®x/^y  [31 

Again,  since  at  smooth  points  cf  the-  loading  surface  the  direc- 
tion of  the  strcln  Increment  is  orthogonal  to  the  surface  $ 

^ — r a *i 

*■  x - y 

thv.  rt 1st  ions  ’3l  and  [a  ] do  not , of  cou-  s<  , altci  the  fact  tret 
th«.  magnitude  of  the  strein-incr . sent  vector  is  r'etcrrincd  by  a 
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linear  combination  of  stress  increments.  On  the  other  hand  the 
addition  of  the  assumption  of  lirearity  everywhere  to  thet  of 
the  existence  of  a loading  function  imposes  conditions  on  the 
allowable  forms  of  the  loading  surfaces:  they  must  be  smooth 
everywhere.  This  lost  fact  follows  from  the  possibility  at  a 
corner  of  picking  two  increments  of  stress  each  constituting 
loading,  but  v-hose  sum  does  not  constitute  loading.  Hence  the 
sum  of  the  corresponding  individual  plastic  strains  would  not 
equal  the  sero  plastic  strain  corresponding  to  the  sum  cf  the 
stress  increments.  Thus  the  condition  of  linearity  would  be 
violated. 

In  any  case  the  hypothesis  of  both  the  existence  of  a 
loading  fraction  and  the  validity  of  linearity  implies  equations 
[3  J and  [4)  or.d  the  smoothness  of  the  loading  surface.  It  fur- 
ther implies  that  the  magnitude  of  the  strain  increment  vector 
is  given  by  a linear  combination  of  the  stress  increments.  Thaae 
implications  afford  a method  of  investigating  non-linearity.  If 
the  loading  surface  is  not  smooth  or  if  either  of  equations  [33 
or  [4  J j*  not  satisfied,  then  the  loading  surface  does  not  exist 
or  the  relation  is  not  linear.  If  the  existence  of  a loading 
surface  is  accepted  tie  conclusion  would  be  non-linearity.  Again 
if  the  magnitudes  of  the  strain  increments  are  not  linear  functions 
of  the  stress  increments,  the  relation  carnet  be  linear  - this 
result,  of  course,  is  independent  of  the  existence  or  non- 
existence of  a smooth  loadlr.c  function. 
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percr lotion  of  Experiments 

The  experiments  consisted  in  subjecting:  thin- -ailed 
tubes  to  simultaneous  and  independently  varying  internal  pressure 
and  longitudinal  pull  (referred  to  also  ss  "load’'}.  The  test 
schedule  cabled  for  loading  by  longltuc ir.al  pull  into  the  plastic 
region,  the  pressure  remaining  meanwhile  at  a constant  small 
reference  value.  After  this  state  had  been  attained,  both  the 
load  and  the  pressure  were  varied  independently. 

It  is  known  that  v,  kiaes*  yield  criterion  (J0  = k)  is 
a good  approximation  to  the  actual  loading  function.  By  this 
criterion  for  the  load  and  pressure  ranges  used  here  the  incre- 
ment in  the  loading  function  caused  by  an-increase  of  10  lb.  in 
the  load  is  two  hundred  ti-aes  as  large  as  the  corresponding  in- 
crement caused  by  s 10  psi  increase  in  the  pressure.  Insofar  as 
was  possible,  therefore,  pains  were  taken  to  insure  thet  the  pull 
W8S  always  increased  during  the  test  to  insure  that  the  material 
was  always  loaded.  The  actual  form  of  the  loading  path  is  given 
in  Fig.  3b  and  4b. 

The  tubGs  were  machined  with  e 9 -inch  straight  cviin- 
drical  section  the  central  five  inches  of  which  constituted  the 
test  gage  length.  The  outside  diameter  of  the  central  section 
was  2.20C  Inches  and  the  well  thickness  was  0.100  inches. 

During  a test  run  the  following  data  were  recorded: 
the  longitudinal  pull  on  the  tube,  the  pressure  within  the  tube, 
the  change  in  length  of  the  5-ihch  gage  length,  and  the  change 
of  diameter  of  the  tube  at  eech  end  of  the  5- inch  gage  length. 
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The  tube  dimensions  were  held  within  C.0C05  inches  both 
in  diameter  ar.d  in  wall  thickness  over  the  entire  5-inch  gage 
length.  The  loads  were  measured  to  within  + 20  lb.  The  pres- 
sure wa s recorded  within  + 5 psi.  The  longitudinal  change  in 
length  was  magnified  19.8  times.  The  change  in  diameter  of  the 
tube  was  magnified  10.9  times.  The  change  in  diameter  used  in 
the  test  analysis  here  was  the  average  of  the  two  readings  tsken 
at  the  ends  of  the  gage  length.  noth  longitudinal  and  diametral 
changes  were  read  after  magnification  on  dial  gages  with  a least 
increment  of  0.0001  inch. 

For  complete-  detail  and  description  of  the  experimental 
procedure  see  (3). 

Analysis  of  the  Data 

Although  not  explicitly  stated,  the  discussion  of  stress- 
strain  relations  so  far  has  been  for  a point  of  a material  body. 

In  a physical  test  it  is  clearly  necessary  to  consider  the  be- 
havior of  a region  of  0 body.  Measuring  quantities  over  a finite 
distance  iacc-d  lately  raises  the  question  of  whether  or  not  the 
aggregate  properly  reflects  the  behavior  of  the  single  points. 

The  attitude  adopted  here  was  that  the  test  approximation  that 
could  be  obtain*.  C for  t h'*  behavior  of  an  arbitrary  particle  was 
the  average  behavior  of  j largo  group  of  particles  subjected  as 
nearly  as  possible  o the  sac*  conditions.  Inherent  in  this  at- 
titude is  the  acceptance  of  a statistical  homogeneity  in  the 
rsstorlal.  curb  cu^h  homogeneity  was  not  completely  realized 

lr.  th«  tubes  used  h‘>re,  it  r^s  felt  that  the  Jrviations  from  it 
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we^e  small  enough  not  to  affect  the  conclusions.  It  should  be 
pointed  out  that  in  the  ccse  of  retals  non-homogeneity  effects 
are  minimized  ry  the  use  oi  large  <jege  lengths. 

No  mention  has  been  made  cf  isotropy  because  its  presence 
or  absence  does  not  sffect  the  arguments  if  the  body  is  reasonably 
homogeneous . 

It  should  be  remarked  at  the  outset  that  the  pressures 
involved  arc  small  compared  to  the  loads.  The  variations  of  both 
the  pressure  and  the  load  are  small  compared  to  the  existing  load 
state.  Hence,  pressure  and  load  variations  were  considered  to  be 
infinitesimal  in  the  analysis.  Thus  it  was  assumed  that  if 

. v.'-re  valid,  equations  [3 1 3nd  [4]  would  not  be  violated 
wicnln  the  sensitivity  of  the  experiment  for  any  pressure  loop 
(Fig , 3b  or  4b), 

The  purpose  of  the  tests  w~s  to  check  che  validity  of 
the  assumption  of  linearity,  which  - as  has  teen  shown  - can  be 
done  by  checking  the  validity  of  equation  [2],  Since  under  thin- 
welled  tube  assumptions  the  stresses  8nd  hence  the  stress  incre- 
ments are  linear  functions  of  the  load  Increments  and  the  pressure 
increments,  it  is  sufficient  to  check  the  validity  of  the  form 

dex  * axdL  ♦ b^dp 

[5] 

<*  y = aydL  fcydp 

where  a’s  and  t’s  arc  to  be  independent  of  dL  and  dp.  Furthermore, 
as  stated  in  the  lest  section,  the  quantities  act-ially  recorded 
during  a test  run  were  the  readings  of  dial  gages.  From  these 
readings  the  numbers  of  least  incre-onts  of  each  dial  gage 
- osured  from  some  rtf^rcnce  reading  were  commuted  for  c-vfry 
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entry.  The  nominal  strains  were  computed  from  the  number  of 

least  increments  by  multiplying  them  by  an  appropriate  constant 

(x  and  -X).  Again  a multiplicative  constant  does  not  affect  the 

validity  of  equation  [5]  ; hence 

d.g  = d<$  = .a  jjdL  ♦ xbxdp  [6  a] 

dej*  =-de^  » Xa^dl+2  Xb  dp  [ob] 

P } P 

where  e^  and  Gy  ore  the  number  of  least  increments  from  the  ref- 
erence readings  in  the  x and  y directions  respectively. 

Although  [6]  ia  the  form  that  is  desired,  it  is  not 
the  form  obtained  directly  by  the  use  of  the  computed  increments 
of  the  dial  readings.  These  letter  contain  also  the  conti  ibu- 
tlons  of  the  elascic  strains.  In  order  to  obtain  a set  of  in- 
crements that  can  be  used  in  equation  [6],  It  Is  necessary  to 
subtract  from  the  total  increments  recorded  during  a test  those 
Increments  that  represent  elastic  strains.  To  this  end  before 
and  after  each  test  run  purely  clastic  chock  runs  wore  made  both 
with  pressure  variations  only  and  with  load  variations  only  in 

C £ 

order  to  determine  the  slope  of  the-  de  vs.  dL  and  the  de  vs. 
dp  curves  and  the  changes  of  these  slopes  during  the  test  run. 
These  data  indicated  that  with  no  appreciable  error  the  clastic 
coefficients  could  be  considered  constant.  The  elastic  increments 
were  computed  from  the  load  and  pic-ssurc  data  and  subtracted  from 
the  total  cent  a . The  differences  were  used  as  representing 

the  plastic  increments  in  equation  [6], 

Since  elastic  strains  ar'  linear  functions  of  the  load 
and  pressure,  it  xa*>  not  absolutely  neccssorv  to  subtract  them 
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in  order  to  check  the  validity  of  a linear  form  such  as  [6]  . 
However,  since  a plastic  stress-strain  relation  was  sought,  the 
results  were  more  easily  interpreted  when  free  from  the  effects 
of  the  elastic  behavior. 

Equation  [3]  suggests  the  method  of  approach  used  in 
this  analysis.  If  a loading  function  exists,  the  validity  of 
linearity  implies  that  8t  least  locally  it  should  be  possible 
to  make  the  plots  vs,  L and  vs,  L coincide  by  changing  the 

p 

e scale  of  one  plot  and  by  translating  the  plot  vertically. 

p P 

The  plots  should  coincide  in  spite  of  the  fact  that  and 

aro  functions  of  L and  p but  arc  plotted  against  only  L,  If, 

therefore,  the  plastic  strain  scale  of,  ssy,  eP  were  reduced  by 

p p P 3? 

a suitable  factor  q,  the  plots  q(e£  - e*0)  vs.  L and  (ey  - eyQ) 

P o 

vs.  L - where  exoand  e£0  correspond  to  so.je  fixed  values  L0  and 
pe  - should  coincide.  Any  deviation  from  coincidence  would  be 
indicative  of  non-linearity. 

Comparison  of  the  tr;c  plots  was  simplified  by  the  in- 
troduction of  -hey  where  £ep  = ep  - ep0  indicates  the 

number  of  least  increments  of  the  dial  gage  from  the  reference 
eP0#  q v;8s  determined  so  as  to  make  the  overall  plastic  strains 
in  the  x ond  y directions  e*quoi  for  the  entire  test  run: 

p 

i.u.  „ overall  Aev 

q 1 

overall 

A6  is  therefore  a measure  of  the  deviation  from  coincidence  of 
the  two  plots.  Its  units  are  the  same  as  those  of  ev,  If  lin- 
earity wore  valid,  then  £.6  would  bo  zero  - at  least  locally.  If 
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there  were  a systematic  variation  of  A9  with  dL  or  dp,  then 
linearity  would  he  i Hip  ossitle . 

Fig.  3 shews  that  for  tube  GH  A9  is  essentially  z^ro 
over  its  entire  length.  Linearity  is  possible,  therefore,  for 
this  tube  provided  the  magnitudes  of  the  strains  prove  to  be 
linear  functions  of  the  stress  increments.  Fig.  a on  the  other 
hand  shows  for  tube  AB  ret  only  that  A9  is  not  zero,  but  that 
It  is  strongly  dependent  on  the  (incremental)  pressure  deviations. 
This  dependence  is  evidenced  by  the  simultaneous  appearance  of 
the  loops  in  Fig.  4b  and  4c.  Clearly  for  this  tube  linearity 
Is  impossible,  and  the  plastic  stress-strain  relation  must  be 
non-linesr . 

There  seems  to  be  little  question  of  the  existence  of 
a loading  function  when  tire  end  temperature  effects  are  absent. 
However,  it  is  not  nccessarv  to  use  its  existence  to  prove  non- 
linearity in  the  case  of  tube  A3.  If  linearity  v?cre  valid,  then 
A8  vs.  L (Fig.  4c)  would  heve  the  same  shape  as  the  p vs.  L 
curve  with  the  exception  of  a local  seal**  factor  that  - like  the 
coefficients  in  equation  [5 ] - could  be  a function  of  the  load, 
pressure,  and  load-pressure  history,  but  could  net  be  a function 
of  the  load  or  pressure  increments.  Fig.  4t  and  show 

that  t!  is  is  not  the  case.  The  general  shape  of  the  loops  in 
3-  do  not  correspond  with  those  in  3b  • Th<  peak  poJrts  in 
the  tv;o  sets  of  loops  do  not  correspond.  Although  there  can  be 
no  doubt  that  the  loeps  of  a**e  closely  related  to  these  in 

3b  , there  Is  slight  tut  definite  lag  In  both  the  beginnings 
and  rnds  cf  those  in  3c  relative  tc  those  in  <b  • It  would 
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not  be  possible  to  find  c c f f ic l-.c-r.tz  ir.  equation[ 2] wnl ch  are 
functions  of  the  lead  and  prersurr  c-nlv  that  would  silos  a linear 
transformation  of  3b  and  3-  within  tl.e  limits  o:  experimental 
error.  Thus  with  or  without  the  assume  ion  of  a loading  func- 
tion, the  plastic  stress-strain  relation  for  tube  AE  must  be 
considered  non-linear. 

Strictly  speaking,  it  is  not  necessary  that  there  be 
no  dependence  of  49  on  what  has  here  been  considered  increments 
of  pressure,  dp,  even  if  a smooth  loading  function  is  assumed  to 
exist.  This  is  true  since  in  reality  the  measured  "dp's"  are 
finite  increments  of  p.  In  this  eventuality,  however,  the  varia- 
tions of  A9  with  p would  have  been  of  a smaller  magnitude.  Var- 
iations of  t:  is  magnitude  could  occur  of  course  for  loading 
functions  whose  surfaces  have  a pointed  vertex,  but  non-linearity 
in  this  case  is  assured  as  seer  previously.  Finally  a similar 
argument  could  be  applied  to  dependence  of  oG  on  L or  dL. 

To  establish  the  validity  of  linearity  for  tube  GH  it 
would  now  be  sufficient  to  examine  the  dependence  of  only  the 
magnitudes  of  the  plastic  strain  increments  on  th®  stress  incre- 
ments. However,  the  computations  for  the  direct  determination 
of  the  coefficients  in  equatlcn[2 ]were  just  83  simple  and  were, 
therefore,  mode. 

The  method  consisted  in  first  approximating  the  overall 
curve  in  Fig,  2s  by  a smooth  curve.  The  deviations  from  this 
curve  were  then  matched  by  a constant  tLres  the  pressure  for 
each  cycle.  The  slope  of  the  smooth  curve  (together  with  q, 
w,  andM  gave  the  a's  equation  [9)*  and  the  multiplier  of  the 
pressure  gave  the  b*s.  The  b*s  were  not  constant  throughout  tho 
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trst,  to  be  sure,  but  could  be  considered  constant  within  any 
one-  rvr-ie  to  the  degree  of  accuracy  look'd  'or.  The  fit  obt8incc 
by  this  process  was  within  the  exp*, r it*  ntal  error  except  In  the 
neighborhood  of  points  of  unloading.  In  these  regions  the  lack 
of  correspondence  was  felt  to  b.  due  more  to  the  hysteresis  In 
the  testing  machine  than  to  a non-linearity  in  the  magnitudes 
of  the  strain  increments.  (In  r f -^rc::  to  hysteresis  In  the 
testing  machine,  see  reference  (6).)  It  was  felt  that  linearity 
%os  well  Justified  in  the  case  of  tube  GH. 

Smooth  and  Pointed  Loading  Surfaces  for  Tubes  GH  and  AB 

The  question  is  still  open  as  to  whot  type  of  loading 

surface  best  fits  the  data  presented.  To  investigate  this 

P P 

question  consider  the  differential  ofA9  * d0  = qde^  - doy  , 
Rocalling  the  definition  of  k andk  . 

qdex  " doy  s q«dS  * dey  • 

Define  ka  = (qx,X).  Then  qdejj  - do^  may  be  considered  as  the 
scaler  product  of  de^  and  kaj  that  is 
qdoj  - de£  = dc^ka 

= Idc^l  (ka|cosj; 

where  (,  is  considered  tho  angle  from  ka  to  dea.  The  cross 
product  of  ka  and  de£  is 

topk«4*s  * * <,"d£y 

= Ide^l  |ka|sinC 


where  is  the  tvo  dimensional  alternating  tensor.  Dividing 
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p j \ n 3 ^ P 

[qde^  - de^]  by[  - —-(qdo*)-  aey  ] gives  an  expression  for  the 
cot£.  ?»ote  that  kQ  makes  an  angle  cf  90°  with  the  direction 
of  the  overall  Ae?,  if  ^ is  defined  to  be  the  angle  from  the 


overall  *«£  to  df£,  then  • Hence 

- tan  x = ^°E  * acJ  , 

*1  nd.-P  4.  Hr- 


**  qdcP  (iS)  dr-y 

Although  It  is  not  feasible  to  mak*.  a direct  computation 

of  ~ tan  x f°r  every  set  of  increments,  th  slope  of  the  plot 

xq 

(qAc£  - Ae^)  vs.  (qAc£  + C^)*1  A ey)  [i.e.AQ  vs.  A\|>]  gives  the 
tan  x to  within  a constant  scale  factor.  Fig.  (5a)  shows  this 
plot  for  tube  AS.  A similor  plot  for  tube  GK  is  not  shown  since 
the  voriatior.  in  A0  (Fig.  3c)  is  too  small.  Since 
(qAe^  ♦ (<5j£l)2A  e^.)  [=Ait>]  is  not  a constant  times  the  load,  a plot 
of  p vs.  At|>  was  also  given  for  ease  in  correlation  of  the  first 
plot  vrith  the  previous  data  (Fig.  5b). 

There  are  many  interesting  observations  concerning 
(Fig.  4 A % The  first  is  that  the  magnification  of  very  small 
strain  differences  represented  in  the  qAe^,  -A  ey  direction  has 
not  masked  the  consistency  cf  the  behavior. 

The  other  points  of  Interest  concern  the  sh3pc  of  the 
bumps.  Pr'  dominantly  they  arc  compos'd  of  three  principal  slope  si 
an  initial  slope  up,  a horizontal  slope  at  the  top  (missing  in 
some  cases)  followed  by  a alope  down.  The  slope  down  in  the  last 
two  bvesps  is  mode  up  of  t*?o  slopes,  the  steeper  coming  first. 

The  initial  slope  has  no  relation  to  the  slope  of  the  correspond- 
ing jressur  slope.  The  final  slope  stems  to  'r^ak  into  t*  o 
slopes  or  to  oscillate  between  two  slopes  if  the  correspond- 


ing pressure  slope  is  too  flat. 
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exception  of  the  transition  from  the-  downward  slopc-s  to  the  hor- 
izontal slopes,  the  transition  points  are  wel]  defined,  i.  e. 
the  change  in  slopes  is  definite.  The  bumps  themselves  become 
f letter  as  the  run  proceeds:  the  angles  between  the  Initial  and 

the  final  slopes  become  greater.  The  progress  of  the  change  is 
itself  interesting.  The  first  two  bumps  arc-  almost  «tcale  models 
of  each  other.  The  next  two  have  roughly  the  seme  initial  slope 
but  much  more  gentle  final  slopes.  The  last  bump  has  gentle  in- 
itial end  final  slope.  Finally,  the  points  of  slope  change  do 
not  seem  to  coincide  exactly  with  the  points  of  direction  change 
of  tho  loading  path,  but  seem  to  lag  a short  distance  behind 
them.  At  the  top  of  the  bumps  there  sc-ems  to  be  no  correlation 
between  tho  loading  direction  and  the  change  to  or  from  the  hori- 
zontal portion  of  the  bumps  at  all. 

If  the  loading  function  associated  with  the  tube  in  ques- 
tion were  smooth,  and  If  in  reality  the  increments  of  pressure 
cannot  be  assumed  to  be  infinitesimal,  then  an  increase  in  pres- 
sure from  the  load-pressure  state  used  in  *he  run  here  would 
result  in  a decrease  in  the  angle  that  the  normal  to  the  lo-ding 
surface  makes  with  the  horizontal,  i.c.,  the  normal  would  be  ro- 
tated in  a counterclockwise  sense.  However,  these  angle  chongos 
would  be  of  smaller  order  of  magnitude  tl.or.  those  observed. 

To  illustrate  the  point,  Table  I was  prepared.  For 
each  loading  cvcl^  the  ranges  or  the  ratio  de^/d and  of  the 
corresponding  angle,  q,  that  the  strain  increment  vector  mokes 
with  the  horizontal  is  entered  or  the  one  h«»nd,  and  on  the  other 


v*»*a*** 


All— SB  38 

the  sane  quantities  computed  on  the  basis  of  a Jn  the  cry.  Tho 
angles  in  the  former  entry  »ere  computed  from  the  measured  slopes 
of  the  - Hty  V3.  q&e*  (^)2Ae>f,  plot.  The  angles  in  the 

prediction  of  the  J2  theory  seem  a few  degrees  largo \ but  such 
a constant  error  could  easily  be  accounted  for  in  the  franc  work 
of  v linger  flor  theory:  «.-.g.  by  the  inclusion  of  a term.  The 
magnitudes  of  the  changes,  on  the  other  hand,  are  of  the  correct 
order  for  any  smooth  curve  to  t^hlch  J2  is  a reasonable  approxi- 
mation. Clcrrly  this  magnitude  is  not  the  required  on..  . Tho 
largest  angular  difference  in  the  entire  J2  part  of  tho  table  is 
1.4°,  while  the  smallest  observed  angular  difference  for  ony 
single  cvcle  vios  F.9°. 

nnother  demonstration  illustrating  the  same  conclusion 
is  provided  in  Fig.  6.  Here  8n  idealized  loading  cycle,  p vs.  L, 
Is  given  in  Fig.  6a.  In  Fig.  6b  the  pointed  curve  represents 
tho  corresponding  prediction  of  the  •^°y  vs»  L plot,  for  0 

cornered  loading  surface.  It  is  assumed  for  the  sake  of  simpli- 
city of  calculations  that  for  dp  = 0 the  loading  direction  of  the 
strain  increment  vector  *1  mokes  on  angle  of  -22.8°  with  tho 
horizontal.  "hen  dp>0,  the  direction  of  de£  (as  well  as  the 
noraol  to  the  loading  surface)  mokes  an  angle  of  -5.4°  with  tho 

horizontal.  Finally,  -then  dp<Of  the  angle  for  both  the  straining 

o 

direction  and  the  normal  is  -"9.3  • 

The  flatter  curve  in  Fig.  6b  shows  the  correspond ing 
prediction  of  a loading  surface  that  has  the  same  changes  of 
direction  of  the  normal  to  tie  loading  surface  ps  0 J2  theory 
wo’  ld  for  t.  e-  pressur -s  and  io'.d*  of  this  cycle.  Thu  surface  has 
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been  tilted  relative  to  the  theory  surface,  hor?over,  In  order 
that  qdo£  - de£  = 0 when  dp  = 0. 

The  loading  cvcle  In  Fif*.  6a  was  chosen  os  a crude  but 
simple  approximation  to  the  second  loading  cycle  in  Fig.  4b. 
Lxominotion  of  the  pointed  curve  in  Fig.  6b  shows  that  the  gen- 
eral features  of  both  shape  and  size  of  even  this  approximation 
ere  in  foir  agreement  vith  the  actual  cose.  The  flatter  curve, 
on  the  othet  hand  compares  poorly  in  both  features,  but  in  par- 
ticular with  respect  to  the  magnitudes  of  the  ordinates.  It 
should  be*  noted  in  passing  that  after  several  cycles  such  os  the 
one  presented  here  the  difference  in  the  two  predictions  would 
become  obscured  by  the  cumulative  effects  and  would  not  stand 
In  such  sharp  contrast. 

The  arguments  above  lead  to  the  conclusion  that  a corner 
does  exist  on  the  loading  surface  of  the  tube  AB,  Analogous 
arguments  for  the  tube  GH  lead  to  the  conclusion  that  its  loading 
surface  does  not  have  a corner  largo  enough  to  be  detcctod  by 
the  analysis  presented  hero.  It  is  therefore  considered  smooth. 
(She  former  result  agein  precludes  the  possibility  of  linearity 
in  the  cose  of  the  tube  ..B.) 

ai&malgp 

The  method  used  in  the  investigation  of  the  corner  in 
the  loading  surface  was  not  the  only  one  available.  ..rother  way, 
for  example,  nas  to  plot  vs.  end  then  to  determine  vhether 
ot  not  there  r;:re  any  local  variations  that  could  be  correlated 
with  changes  In  tfc*.  direction  of  loading.  If  the.  locol  variations 
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were  absent,  then  there  ~ould  be  no  corner  in  the  loading  surface 
This  method  ->?s  followed  In  reference  (5).  The  plots  were  good 
approximations  to  straight  lines  in  that  the-  deviations  from 
straight  line  approximations  fitted  to  the  points  were  small. 

It  was  felt  at  the  time-  thrt  the  smallness  warranted  the  conclu- 
sion that  the  loading  direction  was  constant.  The  more  sensitive 
analysis  presented  here  shows  this  conslusion  not  tcnsble  In  the 
cose  of  tube*  ».B,  although,  of  course,  it  is  for  tube  GH.  ..t 
best  the  plot  of  vs.e§  is  insensitive  compared  to  the  plot 
qdoj  - AeP  vs.  q&e£  ♦ ( j3)2  . 

Insofar  as  the  author  is  aware  the  literature  gives  no 
report  tc  date  of  the  observance  of  corners  on  loading  surfaces 
for  polycryst8lline  materials.  There  apparently  are  two  reasons 
why  this  may  be  so.  First  and  most  important,  the  corners  were 
usually  not  looked  for.  The  second  reason  stems  directly  from 
the  first,  most  experiments  have  not  been  so  designed  that  the 
corners  would  show.  The  ususl  experiment  that  concerned  itself 
with  loading  surfaces  has  boon  designed  to  show  for  a given 
loading  dlroctlon  at  what  stsge  yield  took  place,  /.ftor  yield 
hod  been  reached,  a loading  path  of  arbitrarily  changing  direc- 
tion has  not  been  followed.  Yet  this  type  of  path  is  the  only 
one  that  can  show  a corner  completely.  Some  tests  hove  followed 
a loading  path  of  varying  direction,  but  one  that  turns  in  one 
direction  only,  it  best  such  e path  could  pick  up  the  effect 
of  only  onv  side  of  0 corner. 

It  is  Interesting  to  note  that  in  the  case  o'  tub^  ..B 
nftcr  the  corner  was  farmed  (assuming  that  the  original  loading 
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surface  wss  smooth)  the  effect  of  loading  in  many  different 
directions  from  the  corner  had  the  effect  of  flattening  it* 

If  the  original  surface  was  smooth,  the  loading  In  one  direction 
seemed  to  have  3 tendency  to  form  a pointed  vertex,  while  load- 
ing in  many  directions  from  the  vertex  sce-trcd  to  destroy  it* 

It  should  be  emphasized  that  the  corner  did  not  appear 
in  both  tubes.  It  esnnot  be  inferred  that  for  a given  material 
there  will  be  or  will  not  be  a cornered  vertex  in  the  loading 
surface  * 

With  Tvgard  to  the  direction  of  the  strain  increment 
vector  associated  with  a corner,  no  simple  rule  for  its  deter- 
mination was  obvious. 

Creep 

In  reference  (5)  it  was  assumed  that  the  plastic  creep 
and  strain  increment  vector  were  closely  parallel,  end  that  the 
creep  effects  were  not  important  in  the  overall  trends.  It  is 
interesting  after  closer  studv  to  consider  the  roblem  of  creep 
again. 

Creep  es  usually  defined  is  that  permanent  deformation 
of  e feoev  that  occurs  under  end  due  to  constant  londs.  It  is 
thought  of  os  occuning  in  three  phases:  primorv  or  transient 
creep,  secondary  or  steady  creep,  one  tertiarv  or  «.cct  lereting 
creep.  Primary  creep  exerts  its  influence  immediately  after 
the  cessation  of  loading  :nd  is  characterised  by  3 decreasing 
strain  rote.  Secondary  creep  has  an  essentially  constant  strain 
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rate  thet  is  the  min  in  urn  of  the  three  types  discussed.  Ter  tier  y 
croc-p  begins  with  the  first  increase  of  strein  rote  after  sec- 
ondory  creep.  This  discussion  is  concern-. d only  vith  the  first 
mentioned  type  since,  cs  mentioned  in  (5),  tests  indicated  that 
secondary  creep  effects  were  negligible,  and  since-  the  test  v>as 
not  conducted  over  o long  enough  period  for  tertiary  creep 
effects  to  occur. 

If  a given  material  is  loaded  into  tho  plastic  region, 
and  if  the  leading  is  then  stopped,  out  h. Id  constant,  creep 
cill  usually  occur.  Questions  present  thcmsclvc3  ss  to  whet 
hoppens  if  the  lo  ding  instead  of  King  mode  zero  were  to  hove 
its  rote  decreased  to  a small  f if  ore,  or  ~rrf  changed  in  direc- 
tion. '.lthoufh  these  questions  os  yet  ore  not  answered,  it 
see  ms  as  reasonable-  to  the  author  that  er.  imraodiotoly  preceding 
looding  should  odd  an  additional  permanent  strain  to  the  stroins 
arising  from  a state  of  subsequent  loading  as  thet  it  should 
add  on  additional  permanent  strain  to  the  z,ro  permanent  strain 
arising  from  c subsequent  cessation  of  loading. 

From  cn  experimental  point  of  vl  • , heviver,  thero  la 
t vast  difference.  The  time  depe-nccni  permanent  strains  in  the 
latter  ease  can  cosily  be  diffc: ertlctcd  from  z-.ro  streins, 
while  in  the  former  cose  there  is  ss  vet  no  decisive-  wav  to 
distinguish  which  permanent  stroins  ere  tierc  dependent  on  tho 
prece*ding  loading  end  which  ere  esused  by  the  no • state*  of 
loading. 

It  .right  b'  exp*  ctcd  that  c-ft.  r deviation  from  ore 
direction  of  loading  that  has  fc  cn  followed  for  a hilc  the 
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tlitr  dependent  straining  resulting  from  that  loading  would 
oppc-or  os  a tendency  for  the  material  to  continue  straining  in 
the  sac*  woy.  Put  another  wov  it  might  be-  expected  that  there 
would  be  e time  lag  between  the  change  of  loading  direction  end 
the  change  of  straining  direction  cssocioted  pith  it.  The  loops 
in  Pig.  32  give  evidence  of  a small  lag  between  these  changes. 

The  logs  arc  nruch  too  small  to  invalidate  the  conclusions  drawn 
before;  and  as  stated  in  (6)  the  overall  effects  were  not  in- 
fluenced by  creep. 

Ssaslmlan 

Careful  examination  of  two  thin-walled  tubes  shows  that 
the  assumption  of  linearity  in  the  plastic  stress-strain  law 
is  justified  within  the  experimental  accuracy  for  one  tube, 
while  it  was  not  justified  for  the  other.  The  former  tube 
possessed  a smooth  loading  surface  While  the  latter  had  a de- 
finite corner.  Techniques  now  exist  for  the  investigation  of 
loading  surfaces  for  corners. 

Tine  effects  appear  in  the  analysis.  Even  though  the 
loading  was  not  stopped  insofer  as  was  possible,  effects  in  many 
ways  analsgous  to  creep  came  into  evidence.  These  effects  were 
not  of  sufficient  magnitude  to  invalidate  the  conclusions  stated 
in  the  previous  paragraph.  Clarification  of  the  effect  analsgous 
to  creep  for  continuous  but  varvir.g  loading  paths  requires  addi- 
tional study. 
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Corner 

TABLE 

I 

Cycle 

from 

to 

deE/de£ 
from  to 

from 

to 

. de?/d 
from 

* to 

1 

-31.4 

-14.3 

-.610 

-.255 

-25.8 

-25.1 

-0.485 

-0.468 

2 

-27.1 

- 5.5 

-.512 

-.096 

-25.9 

-24.4 

-0.485 

-0.454 

3 

-25.1 

-15.2 

-.469 

-.272 

-25.9 

-24.8 

-0.485 

-0.463 

4 

-28.1 

-15.6 

-.535 

-.280 

-25.9 

-25.3 

-0.485 

-O.472 

5 

-27.5 

-17.2 

-.521 

-.310 

-25.9 

-24.8 

-0.4*5 

-0.460 

1 


1.  Druckor;  D 


2.  Ranoelman, 


3.  Prager,  ’»/. 


4,  Brucker,  D 


5.  Drucker,  B 
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Corning,  New  York 
Attn*  J.  T.  Littleton 

B.  I.  Dupont  de  Nemours  A Co# , Inc. 

Wilmington  96,  Delaware 

Attn:  J.  K.  Peupel,  Materials  of  Construction  Section 

General  Electric  Company 
Schenectady,  New  York 
Attn*  E.  Pehr 

H.  Porltsky 
?•  H.  Hoi  lemon 
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Owners  1 

Detroit,  Michigan 
n-i  Attn:  J,  0.  Almen 

Lockheed  Aircraft  Company 
Department  72-25,  Factory  A-l,  Building  66 
Burbank,  California 
?. -1  Attn:  r.-vineering  Library 

Midwest  Research  Institute 
Kansas  City,  Missouri 
R-l  Atr.n:  C.  0.  Dohrenwend 

R-l  M.  Golan 

Pratt  <5:  Whitney  Aircraft  Corporation 
East  Hartford,  Connecticut 
R-l  Atkn:  R.  Morrison 

U.  S.  Rubber  Company 
Passaic,  New  Jersey 
R-l  Attn:  H.  Smallwood 

V'eldlng  Research  Council 
Engineering  Foundation 
29  West  39th  Street 
New  York  18,  New  York 
M-l  Attn:  W.  Spraragen,  Director 

Westinghouso  Research  Laboratories 
East  Pittsburgh,  Pennsylvania 
rt-l  Attn:  Dr.  A.  Nadai 

R-l  Dr.  E.  A.  Davis 

Westinghouse  Electric  Corporation 
Lester  3ranch  P.  0. 

Philadelphia,  Pennsylvania 

R-l  Attn:  R.  P.  Kroon,  Mgr,  of  Engineering,  ACT  Division 


